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Abstract

We present a general approach to obtain direct and inverse results for approximation in Holder norms.
This approach is used to obtain a collection of new results related with estimates of the best polynomial
approximation and with the approximation by linear operators of non-periodic functions in Holder norms.
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1. Introduction

In last years, there have been some interest in studying the rate of convergence of different
approximation processes in Holder (Lipschitz) norms. The first one, due to A.I. Kalandiya [10],
was motivated by applications in the theory of differential equations. Some improvements were
obtained by N.I. Ioakimidis [9]. D. Elliot [8] gave other direct estimates. Later other papers were
devoted to analyze approximation of periodic functions. For more historical comments on this
subject we refer to [3].

The main subject of this paper is to present direct and converse results related with the best
approximation and with approximation by linear operators of non-periodic functions in Holder
norms. This will be accomplished in the last section with the help of weighted moduli of smooth-
ness associated to the so-called Ditzian—Totik moduli of smoothness.

In Section 2, we develop a general approach to show how to construct Holder spaces E, 4
associated to a given modulus of smoothness @ on a Banach space E. Then, we introduce a
modulus of smoothness 6, , in this new space and characterize it in terms of an appropriated
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K -functional. In Section 3, we show how theorems concerned with approximation in the basic
space E can be used to derive similar ones in the Holder spaces E, ;. We remark that we are
interested in applications of the abstract approach more than in a general theory in Banach spaces.
Of course other results can be derived from our approach, we only include some important ones.
This paper can be compared with [2] where approximation in Holder norms is studied in the
periodical case. We remark that the results of [2] can be deduced from the approach given here.

In what follows the letter E will denote a real Banach space which norm ||-||g and W a linear
subspace of E with a seminorm | - |y .

2. Generalized Holder spaces

There are different approaches to present generalized Holder spaces. One of them assumes
that we have in hand a certain modulus of smoothness. This last notion can be replaced by a
K -functional when we are working with an abstract Banach space. In concrete examples one pass
from a K-functional to a modulus of smoothness by means of a theorem which asserts that both
notions are equivalent. There is a standard way to define what a K-functional is, but we cannot
say the same for the notion of a modulus of smoothness of a given order. Thus, we begin this
section by presenting a definition (convenient for our purposes) of a modulus of smoothness on
a Banach space.

Definition 1. A modulus of smoothness on E is a function w : E x [0, +00) — R™ such that:
(a) For each fixed t € (0, +00), the function w(-, ¢) is a seminorm on E and for all f € E,
o(f,0) = 0; (b) For each fixed f € E, the function w(f,-) is increasing on [0, +00) and
continuous at 0; (c) There exists a constant C > 0 such that for each (f, ¢) € E x [0, +00), one
has

o(f,O)<CIfI-

Given a real r > 0, we say that the modulus w is of order r if N(E, w,r) # Ker(w) and
N(E, w,s) = Ker(w) for all s > r, where

Ker(w) =1g€ E :sup w(g,t) =0
t=>0

and

N(E,w,r):{feE:sup@<oo}.

t>0

To each modulus of smoothness w on E we associate some (generalized) Holder spaces as
follows.

Definition 2. Given amodulus of smoothness @ on E and areal o > 0, we denote 0, ,(f, 0) = 0,

Hw,oc(f, t) = Sup #

O<s <t

and || fllo.o = /£ +sup Opu(f. 1). ey

t>0
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The Holder space Eq, 4 is formed by those f € E such that || f ||, < oo with the norm || f |, 4-
Moreover we denote

Eg)ac = {f €Eyy: tlgl(l) Ow.o(f, 1) = 0} .

Later we will prove that 0, , is a modulus of smoothness of order » — o on ng provided that
o is of order r. For the moment notice that Ker (0, ) = Ker(w). For completeness we recall the
notion of K-functional.

Definition 3. If £ and W are given as above, the K -functional K W on E is defined for f € E and
t >0 by,

KY(f,t)y=inf{||f —gle +1lglw: g € W}.

If w is a modulus of smoothness of order r on E, we say that w and the K-functional K W are
equivalent if there are positive constants C1, C» and #y such that for f € E and t € (0, tp), we
have

Cio(f, ) <K (f, 1" <Cro(f, 1). 2)

Now we can state one of the main problems to be considered in this section. Given a linear
space E, areal r > 0, o € (0, ) and a modulus of smoothness w of order » on E, characterize (1)
in terms of a K-functional.

Since our approach will be used in concrete situations, it can be assumed that we have some
additional information about w. In many cases the proof of (2) is obtained as follows. It is shown
that there exist positive constant C and 7o such that for any g € W and ¢ € (0, ty],

(g, 1) <Ct"|glw. 3)
Moreover for each ¢t € (0, fy], there exists a function L; : E — W, such that for all f € E,
If=Lifle<Co(f,r) and 1"|L;flw<Co(f, 1). 4

Notice that if (3) holds, then W C ESN (o € (0, r)). This fact will be used below.

In what follows we write (E, W, L;, w, r, o, f9) to assume that we have a Banach space E, a
linear subspace W of E (with a seminorm | o |y 7 0), a modulus of smoothness  of order r on
E, and a family of functions {L,} such that conditions (3) and (4) hold and « € (0, r).

Theorem 4. If (E, W, L, o, r, o, ty) is given as above, then 0, 4 is a modulus of smoothness of
orderr — o.on ES, . Moreoverif g € W and t > 0, then

Op.o(f — 8. O<If — glwa and Gw,ot(gat)<Ctr_“|g|W

(where C is the constant given in (4)) and there exist positive constants Dy and D> such that for
feE® andt € (0,1,

,0
Dlew,a(fs t)ng,oc(f» tria)<D20w,a(f’ t)» (5)

where

Koo (fit) =inf {| f — gllwx+tlglw : g € W}.
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Proof. If f, g € Ey 4, a € Rand r >0, we have
o(f+g D<o(f,t)+wg. 1), of.t)=lal|olf1).

Therefore 90},o¢(f +g,1) ggw,a(f, 1)+ Gw,a(g, t) and Q(U,u(af, 1) =|al| 0(1),0((]‘7 t). On the other
hand

o(f—g,s o(f —g,s
doatf g0 = sp 8D WD p gy,

0<s <1t s* >0

Assume now that g € W. Taking into account (3) we obtain

(g, s) . -
Ooaig )= sup 28D <0 sup 5 gly = Cr gl
0<s <t s 0<s <1t

Fixs > r —o. If f € N(Eg,5, 0,5, 5), then Oy, »(f, 1) <Cyt®. Thus o(f, 1) < Cpr*+*. This
saysthat f € N(E, w, s) = Ker(w) = Ker(0y.4). Hence N(E .4, 0.0, §) = Ker(0y. o). Finally,
if f € N(E,w,r)\ Ker(w), then f € N(ESW, 0w.os v — o) \ Ker(0e.). We have proved that
0w, is a modulus of smoothness of order 7 — o on ng.

Fix f € E) ,. Foreachg € W,

Ow.a(fit) < Opo(f —g, 1)+ 00a(g, 1)<Cy {”f — 8llw,a +9a(g’t)}
S C{Ilf = gloa+1Iglw}.
Thus

1 . _ _
o loa(fiDS inf {[|f — glawa+1"*glw:g €W} =K u(fit ™).
1

For the second inequality in (5) for each # € (0, #p] we fix a function L; : E — W which
satisfies (4). For s > ¢t we obtain the estimates

o(f =L)<l f = Li flle SC3o(f, 1) < C35%00,0(f, 9).

Let us find a similar estimate for s <z. Recall that for f E?o,oc andr € (0,%], L;f € W.
Therefore for s € (0, ¢], we deduce from (3) and (4) that

r S\" r S\
O(Lif.$)<CasILiflw = Ca (3) 1L flw<Cs (2) o0,

Thus, since K" is a concave function and s <7 <fo

KW ) " KW ) r
(f )gcﬁsr (f,s")
tr s’

(L f,s)<Cgs" <Cro(f, s).

Now
(,l)(f - Ltfr S) gw(Llfv S) + w(fv S) <C8(}J(f, s)<C8sa0w,%(f? S).

Therefore

o(f — L, s)
sup —————

<C89w,o¢(f, t)-
>0 s
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From the last inequality and (4) we infer that

”f - Ltf”a),ochQch,x(f» t)

and
o(f,1)

"% Ltlw < Cio v

<C100w,a(f5 1),

respectively. From this two last inequalities and the definition of a K, , we have
Koo(fit” <N = L flloo + 1L fISCrilwo(fi ). O

3. Best approximation and linear approximation in Holder spaces

In this section, we assume that there is a sequence {A,}°° , of linear subspaces of E such that
Ap C Apgr, dim(A,) =nand U2 ) A, is dense in E.
Recall that for f € E the best approximation of fby A, is defined by

En(f) =dist(f, Ap) =inf {|| f — k|l : h € A,}.
Theorem 5. Let (E, W, L;, o, 1, o, to) be given as in the previous section and suppose that, for

eachn, A, C W. For f € Eg),a let E,, o (f) be the best approximation of f (in E «) by A,. If
there exists a constant Cy such that for each n, every g € W and each h € A,, one has

Enn(g)<Ci lglw and |hlw <Cin""*|hl|E, 6)

nrfd
then there exist positive constants Co and C3 such that for f € Eg)’ « and each n one has

1 - r—o—1
— Y KT B f). %
k=1

1
C2En,oc(f)<0w,a (fa ;) <C3

nr

Proof. From the main results in [4] we know that there exist positive constants C4 and C5 such
that forevery f € E g’a and every n,

1 1 - —o—1
C4En,o<(f)<Kw,a <f, nra) gCSnrj Z k" Ekoc(f)

k=1
Therefore the result follows from Eq. (5). O

When a good approximation on E is obtained by means of an operator with a shape preserving
property, then we can derive a direct-type result without using the first inequality in (6).

Theorem 6. Let (E, W, L;, w, 1, o, to) be given as in the previous section and suppose that, for
each n, A, C W. If there exists a constant D and a sequence {H,} of functions, H, : E — A,
such that, for each f € E,
1
If—H,fII<Dw (f, ;) and o(H,f,t)<Do(f,t) (t >0),

then for h e Egm the first inequality in (7) holds.
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Proof. If f € E? _, then for each n

w,o

1 1 1
lf— an||E<C1w<f, ;) <C1n_10w,oc (f, —> .

n

On the other hand, for ¢t >1/n

o(f — Huf. 1)
t(l

and, fort € (0, 1/n),
O —Hifi0) _o(f0) ol ., (}, 1>_

1 e 1% n

1 1 1 1
<C2t—a||f—an||E<C3t—aCU f,; <C300,4 f,;

Therefore Ey »(f) <IIf = Hy fllo.a < Dabos (f. 1/n). O

Let us discuss some problems of approximation by linear operators in Holder spaces. For the
inverse estimate we need a result analogous to a lemma of Berens and Lorentz in [1]. Since the
proof can be obtained with a modification of the one presented in [5, p. 312-313], we omit it.

Lemma 7. If0 < o < 2,a € (0,1) and ¢ is an increasing positive function on [0, a] with
¢(0) = 0, then for § € (0,2 — o) the inequalities Pp(a) < Moa® and ¢(x) < My <yﬂ + (x/y)2_“)
(0<x<y<a) imply for some C = C(a, f3)
qb(x)gCMoxﬁ, 0<x<a.

Theorem 8. Let (E, W, L;, w, r, o, ty) be given as in the previous section and suppose that, for
each n, A, C W. Let {F,} be a bounded sequence of linear operators for which there exist
a constant C such that for each f € E, every g € W and all n, one has F,f € A, and
|Fnglw <Clglw. If for each f € E and every n, one has ||f — F, f||<Dw(f, y(n)), where

{W(n)} is a decreasing sequence which converges to zero, then there exists a constant Dy such
that, for every h € Eg) « and each n

Ih = Fuhllw,a < D10, (h, Y(n)) . ®)
Proof. To obtain (8) we only need to verify that sup,. o t ™ *w(h — Fyh, 1) < C10q o (h, Yy(n)). If
t > Y(n), then

w(h — Fyh,t) < Cillh — Fyhllg < Coo(f, y(n)

< Cop(n)* 00,0 (f, Y (1)) < C3t™00r (£ 1)

Ift € (0, ¥ (n)], then w(h — F,h,t) < Csq(w(h,t) + w(F,h,t)). Thus, it is sufficient to prove
that w(Fph, t) <Csw(f, t). But

(Fyh, 1) < Coinf {|Fuh — gllg +171glw = g € W)
< Coinf {||Fyh — Lugllg + " |Faglw : g € W}
< Crinf {|lh — gl +1"Iglw : g € W} <Cgw(h,1). O
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For approximation by linear operators different inverse results can be presented according to
the classification given in [6]. We only consider some of them.

Theorem 9. Assume the conditions given in theorem 8 with r = 2. If there exists a constant C
such that for each f € E,

|Faflw <Cn* | flly  and |Fagly <Clgly, o)

0

then there exists a constant Dy such that for each couple of positive integersnandkand f € E,, ,

one has

1 K> 1
Hw,oc <fv ;) <Dl {”f - ka”w,a + <;) Hw,oz (fa E)} . (10)

Moreover, if for f € (0,2 —a)and f € ng there exists a constant C ¢ such that,

1
If— anllw,aécfm (1D
Jfor each positive integer n, then there exists a constant D g such that
Oou(f, )< Dyt (12)

Proof. Fix g € W and integers n and k. From the definition of K, , and considering that Fy f €
W C E, and the inequality (5) we obtain that there exists a positive constant C such that

Cilo (£.17") < Koo (£in"72) <If = Fifllos+n*2IFflw
<Nf = Feflloa+n* " (Fe(f = ©lw + | Feglw)
< = Fefllos+ 1722 (1 = glle + 5 2lgly )

We consider that g € W is arbitrary and use again (5), to infer that there exists a constant C»
such that

Cilo (£.17") SIS = Fil oo+ K/my*~* KKy (£.672)

<
<N f = Fillws 4+ Ca (k/n)> ™ 0o (f, 1/K) .

This proves (10).
The estimate (12) is obtained from Lemma (7) and Eq. (10). O

4. Approximation of non-periodic functions

In this section, we realize the abstract approach presented above in the case of continuous or
integrable functions defined on an interval of the real line. As before r is a fixed integer.

Here the letter / will always denote an interval of the real line and ¢ an admissible function
in the sense of Ditzian-Totik (see [7, p. 8]). Recall that the function ¢(x) = /x(1 — x), (J/x,
+/x(1 + x)) is admissible for the interval (0, 1) ((0, +00)). For p € [1, +00), let L , (1) we denote

the usual Lebesgue space with the norm || f1l, = (/f, | f(x)|? dx)l/p. For f € L,(I)andt > 0,
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the symmetric difference of order r, Az f(x), is defined by

B f ) = Xr:(—l)""(;.)f (x+(5-7)n)
j=0

if x £ rh/2 € I and it is considered as O in any other case.
For an admissible function ¢ the weighted (Ditzian—Totik) modulus of smoothness of order
is defined by

of (f.0), = sup [[Ap, fllp-
he(0,t]

Let W(g ""(I) denote the space of all g € L p(I) such that, g is r — 1 times differentiable, g b
is absolutely continuous on each compact subinterval of / and ||¢” g(’ | p < oo. In W£ ()
we consider the seminorm |g|,,, = [[@"g l p- These notations are related to the ones consid-
ered in the previous section as follows L,(I) = E, a)f(f, 1)y = o(f,1) and Wé,”r(l) =W
(Kro(fs)p = KV (f, 1))

It is easy to verify that a)ﬁp (f, t)p is a modulus of smoothness of order r in the sense we have
considered before. Thus for o € (0, ) the Holder space is well defined and we set lipf{,)j;(l ) =

Eg),x’ | o ”p,r,oz =|lo ”w,oz, Qfa(f, [)p = ga),ac(f’ t) and Kr,qo,a(fv t)p = Kw,oc(fs 1).

For the space C (/) of bounded continuous functions we obtain similar definitions by changing
the L, norm by the sup norm. In this case, we use the last notations with p = oo. In particular
Loo(I) =C().

From the proof of Theorem 2.1.1 in [7] we have

Theorem 10. Fix 1 < p < oo and an admissible function ¢ for 1. There exist constants C and ty
and, foreacht € (0, o] afunction L, : L,(I) — W(f,)’r(l) suchthatfor f € L,(I),g € Wé,”([)
and h > 0,

188l SCR Q"8 Ny, I1f = Lifllp <Cof (£, 1), (13)
and

0" (Le 7 Nlp <Cof (fo 1)) (14)
Moreover, there exist constant Cy and Cy such that for t € (0, t9] and f € L,(I)

Crof (f, 1) p <Ky op(f, 1)y <CL0f (f, 1) p. (15)

Now we can state a similar theorem for spaces of Holder functions. We remark that for the first
inequality in (15) the restriction t <#( is not needed.

Theorem 11. Fix o € (0, r). Under the conditions of Theorem 10 there exist positive constants
D1, D> and ty such that for every f € lipﬁ‘;(l) andt € (0, tp]

D102y (1) p < Krgpo(fi ") p < D20L(f 1) p. (16)

Proof. We use Theorem 4. From (13) and (14) we know that conditions (3) and (4) hold. Then
(16) follows from (5). [
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Let IT,, denote the family of all algebraic polynomials of degree no greater than n. In order to
use the results of Section 3, we set I, = A, E,(f)p = E,(f) and Ey, o(f)p = En o(f). We
first give a proof of the shape-preserving property needed in Theorem 6 and of the Bernstein-type
inequality needed in Theorem 5. We remark that the result of Theorem 12 is seen to be known.
Since it is important for us we include a proof.

Theorem 12. Fix 1< p <00, a positive integer r and set ¢(x) = ~/1 —x2and I = [—1, 1].
For each n let M, : L,(I) — II, be a (non-linear) operator such that for each f € L,(I),
| f — M, fll = E,(f). Then there exists a constant C such that for each f € L,(I) and every
n>r,

of My f, 1)y <Cof (f,1)p,1 € (0,1/r].

Proof. From [7, p. 79, 84] we know that there exists a constant C such that (n > r)

1
E.(f)p<Ciof(f,1/n), and |@" (My ) ||, <Cin" ) (.ﬁ;) . (17)
P

Recall that there exist constant D1, D; and f¢ such that for f € L, (/) and ¢ € (0, 1], Eq. (15)
holds.
Fix a positive integer n, f € L,(I) and t > 0.1If r > 1/n, then

of Muf,t)p < of (f = Muf.t)p + 0 (f.1))p
S Clf = Mufllp+ ol (f ) <C307 (f, 1) .
On the other hand, if r < min {1/n, ty}, then using (15) and (17) we obtain

of My f,1)p < CaKy oMy f, 1)y <Cat” | @" (M, ) ,

< Cst'n" o (f.1/n), <Cot"n"Kyo(f.n™")p
< CKrp(f.17)p < Croof (1),

where we have used the fact that K, ,(f, ), is a concave function. From this we have the proof
for the case r <ty (r<1/n). If t > t9 (¢t <1/n), then using (15) we have

tr
of My f, 1)y < CsKy (M £, 1) <Cs Ko (Ma f.15)
0

1
< Gy Krp(Ma f, 10)p <Cowf (f.to)p. O

0

Theorem 13. Set I = [—1, 1] and ¢(x) = ~/1 — x2. Fix 0< p< + 00, a positive integer r and
o € (0, r). There exists a constant C such that, for any positive integer n and every P € 11,

" PO, <Cn" (Pl p.s

Proof. We present a proof for p < oo. For p = oo similar arguments can be used. If P is
a polynomial of degree n, then dist(P, I1,) = 0. Thus from the second inequality in (17) it
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follows that

n

1 1
le" PO, <Cin” ;,(P, —) <Cin" 0.z (P, —) <Con" || Pllp.s
n
p p

where we have considered Theorem 4. [

Theorem 14. Set I = [—1, 1] and ¢(x) = /1 — x2. Fix 0< p< + 00, a positive integer r and
o € (0, 7). Then there exist positive constants C1 and Ca, such that, for every f € lipgj;(l ) and
alln >r
1 1 : r—o—1
CLEno(Pp<Cilpa( fo—) <Com 3 KT Eia(f),.

p k=1

Proof. The first inequality follows from Theorem 6, Eq. (17) and Theorem 12. The inverse
inequality follows from Theorem 5, since we have verified the Bernstein-type inequality in
Theorem 13. O

Recall that for a real function fon [0, 1] the Bernstein polynomial is given by

- k
Bn(f’x) = § f (;) <Z)xk(1 —x)”_k.
k=0

For these operators we consider the weight function ¢ (x) = +/x(1 — x) and set E = C[0, 1] and
F =1ip) 510, s,
For f € L [0, 1] and a positive integer n the Kantarovich polynomial are defined by

n (k+1)/(n+1)
Ki(f,x)=(+1) (fk f(s)ds) (Z)xk(l —xy

k=0 /(n+1)

For these operator we consider the weight function ¢(x) = +/x(1 —x) and set E = L, [0, 1]
. 0,2
and F = lip, 5[0, 1],.
For f € Cx [0, +00) and a positive integer n, the Szasz—Mirakyan operator is given by

o0

ko (k
S0 =y By <;) .

k=0

For these operators we consider the weight function ¢(x) = /x and set E = Cx [0, 00) and
.02
F =1lipy5 [0, 00) o0
For f € L, [0, +00) the operators of Szasz—Kantarovich are defined as

s (k+1)/(n+1) (nx)k
Sifx)y=e™y (/ f(S)dS) 0
o \Y k/(n+1) :

In this case we consider the weight ¢(x) = /x and the spaces E = L,[0,00) and F =
.92
lip}5 10, 00) .
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For f € Cx [0, 400), the Baskakov operators are defined by

00 k B
Vn(fax)=Zf<;)(n+llz 1)xk(1+x)_"_k.
k=0

In this case we consider the weight @(x) = +/x(1+x) and set E = C,[0,00) and F =
.02
lnga [0, 00) 5o
The Baskakov—Kantarovich polynomials are defined analogously. In this case we consider the
weight ¢(x) = «/x(1 +x) andset E = L, [0, 00) and F = lip?jg [0, 00) -

Theorem 15. Let {F,} be the sequence of Bernstein (Kantarovich, Szasz—Mirakyan, Szasz—
Kantarovich, Baskakov) operators with the weight function ¢ and the associated space E and
F be given as above where o € (0, 2).

(1) There exist a constant C such that, for f € F and each positive integer n

q 1
1f = Fu(Pllun<COL, (f, ﬁ) .
P

(i) For k<n one has

0 <f 1) <D {Ilf — Fefllpan+ (5>He“’ (f 1)}
r,o s n X p,z,0 n 2,0 ’ k

(iii) Fix p € (0,2 — o) and f € F.There exists a constant C y such that, for all n,

1
”f - an”p,Z,:xéCfnﬂT
if and only if there exists a constant Dy such that
03 ,(f. <Dyt

Proof. It follows from Theorem 9.3.2 in [7, p. 117] that,

1 1
If = Fa(Olp<C {;”f”p + oy (f, ﬁ)p}-

On the other hand, there exists a constant D such that, for any g € W,

I’ FP gl , < Dallo?*e@ 1,

(see (9.3.7) in [7, p. 118]). Then the result follows from Theorem 8.
(ii) Fortheinverse result we only need to verify condition (9), thatis the Bernstein type inequality

l*LSP £11, <Cn2| 1|, But this last inequality is known (see Eq. (9.3.5) in [7, p. 118]).
(iii) Itis a consequence of (i) and (ii). [
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